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Abstract

We investigate the optimal number of items for the 0-100 number line estimation task used in
research on children’s mathematical cognition and learning. In this paper, we reanalyzed data
involving N = 234 students, applying an Item Response Theory- Graded Response Model to identify
items with high discrimination parameters (> 1.0), iteratively reducing the 23-item scale by
including items with discrimination values close to 1.0 until the reduced scale produced
comparable scores to the original. Our analysis identified a reduced scale of 15 items that
maintained strong correlations with-and produced consistent patterns of developmental change
and predictive capability compared to-the original scale. Our findings demonstrate that a reduced
0-100 number line estimation task can effectively measure numerical magnitude understanding
(accuracy and linearity of estimates) from kindergarten through third grade while saving time and

resources.
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Optimizing 0-100 Number Line Estimation Task 2

Over the past two decades, the number line estimation (NLE) task has arguably become
one of the most well-known methods of measuring numerical competence in adults and
children alike. A simple Google Scholar search using the term “Number Line Estimation”
yielded over 3300 hits, and the seminal NLE papers have each been cited over 1100 times
(Booth & Siegler, 2006, 1102 citations; Siegler & Booth, 2004, 1566 citations). Though each
of these citations certainly does not indicate that the task itself was used in the study, it
is clear, at a minimum, that results from NLE tasks have been widely used to shape our
understanding of numerical cognition.

The core NLE task involves presenting a series of blank number lines with the
endpoints of the line marked by specific numbers; for each item, a third number that
is numerically somewhere between the two endpoint numbers is given, and the partici-
pant’s task is to estimate where that number would fall on the number line (e.g., Siegler
& Booth, 2004). For example, on a 0-100 number line task, the number “0” would be
marked at the left endpoint and “100” marked at the right endpoint, and an individual
item might ask participants to demonstrate where they believe individual numbers (e.g.,
23, 47, 2, 96, 14, etc.) belong on the line. Scoring of this task typically involves either
computing a participant’s estimation accuracy across all of their items

Target Number—Estimated Number

Percent of Absolute Error (PAE) = Scale of Estimates x 100

(Siegler & Booth, 2004) or examining a participants’ pattern of estimates across all of
their items by fitting different types of models to their estimates (e.g., linear, logarithmic,
exponential (Booth & Siegler, 2006); power models (Barth & Paladino, 2011; Ruiz et al.,
2023); mixed log linear models (Qin et al., 2024)).

The use of the NLE task has been widespread across both contexts and cultures. For
example, the task has been administered in laboratory or one-on-one settings (Praet &
Desoete, 2014; Siegler & Booth, 2004; Wall et al., 2016), online using platforms such as
MTurk (Landy et al., 2017) and Qualtrics (Fitzsimmons & Thompson, 2022), in an FMRI
scanner (Vogel et al., 2013), and in both K-12 (Barbieri et al., 2021; Jung et al., 2020) and
college classrooms (Steinke, 2017). NLE tasks have also been employed in studies across
the globe, including in Israel (Ashkenazi & Cohen, 2023), Singapore (Ruiz et al., 2024),
Chile (Xu et al., 2023), Luxembourg (Nuraydin et al., 2023), Zambia (Sudo et al., 2022),
China (Li et al., 2024), Germany (Jung et al., 2020), Turkey (Sar1 & Olkun, 2021), and with
individuals from Indigenous tribes (Dehaene et al., 2008).

The characteristics of the number line task have varied widely across studies. For
example, many studies use a paper-and-pencil administration (e.g., Booth & Siegler, 2006;
Chan & Mazzocco, 2024), while others use computerized versions of the task (e.g., Booth
& Siegler, 2008; Fazio et al, 2014; Gunderson & Hildebrand, 2021). Most studies use
the number-to-position version of the task described above, though others have given a
mark on a number line and asked the participant to estimate what number goes there
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(Position-to-Number, e.g., Peeters et al., 2017; Siegler & Booth, 2004). And while most
studies present each item individually as described above (i.e., participants only see one
number line at a time), others have provided a page containing several number lines that
are visible at once (Barbieri et al., 2023; Young & Booth, 2015) or have asked participants
to place multiple numbers on the same number line (Siegler & Booth, 2004; Steinke,
2017).

Perhaps the greatest variability across studies using number line estimation tasks is
the numerical scale and the type of numbers to be placed. While many studies have
continued to employ the 0 — 100 or 0 — 1000 whole-number scales introduced in the
original studies (e.g., Hoard et al., 2008; Praet & Desoete, 2014; Sar1 & Olkun, 2021;
Sullivan et al.,, 2011), others have used much smaller (e.g., 0 — 10, Dietrich et al., 2016;
0 - 20, Cornu et al,, 2017; 0 — 8, Yu et al., 2022) or larger scales (e.g., 0 — 10,000, Jung
et al., 2020; 0 — 1,000,000, Slusser et al., 2013), irregular scales such as 0 - 62,571 (Booth
et al,, 2014) or 1,000 - 1,000,000,000 (Landy et al., 2017), and scales involving negative
numbers (-1000 — 0, Brez et al.,, 2016; -1,000 — 10,000, Young & Booth, 2015); some have
even explored the use of unbounded number lines (e.g., Link et al., 2014; Reinert et al.,
2019). The number line task has also been used to measure participants’ understanding
of different types of numbers, including fractions (e.g., Booth & Newton, 2012; Namkung
& Fuchs, 2016), decimals (DeWolf et al., 2015; Schneider et al., 2009), and percentages
(Schiller et al., 2024).

Despite the wide variability in the particulars of NLE task administration, there is
a large consensus that individuals’ NLE performance is related to (and often predictive
of) their general mathematical competence. For example, NLE has been shown to predict
arithmetic performance (e.g., Dietrich et al., 2016; Gunderson & Hildebrand, 2021), prob-
lem-solving skills (e.g., Zhu et al., 2017), and mathematical reasoning (e.g., Ruiz et al.,
2024). In a meta-analysis of 41 papers, Schneider and colleagues (2018) reported strong
associations between NLE and counting, computation skills, and school mathematics
achievement. Ellis and colleagues (2021) replicated these overall findings, emphasizing
the importance of performance on the NLE task, but found performance to be particular-
ly predictive of mathematical competence in younger children. NLE performance even
correlates with brain activation while solving arithmetic problems (Berteletti et al., 2015),
and poor NLE performance has been linked to mathematical learning disabilities (Geary
et al,, 2012). In a recent systematic review of 33 manuscripts that examine predictors of
algebra performance, NLE tasks were one of the most studied student-level factors, with
fraction NLE tasks consistently demonstrating their predictive utility, but whole number
line tasks were also often used (Silla et al., under review).

The prevalence of its employment and the usefulness of the task for predicting more
complex mathematical competencies make it likely that the NLE will continue to be
an essential measure in psychology and education research. Given its prominence as a
predictor of school mathematics achievement and the fact that NLE data collection often

Journal of Numerical Cognition
2026, Vol. 12, Article e17459

GOLD
https://doi.org/10.5964/jnc.17459 B PsychOpen


https://www.psychopen.eu/

Optimizing 0-100 Number Line Estimation Task 4

takes place in schools during precious classroom time—either with full-class administra-
tion during class or by pulling individual students out of class—it is necessary to ensure
that the task is as efficient as possible. However, the number of target items has varied
quite a bit from study to study, ranging from a minimum of 6 items to 44 or more
items (Schneider et al., 2018). Additionally, although studies with older children and
adolescents often use paper-based tasks that can be administered reasonably quickly in
whole-group settings (e.g., Barbieri et al., 2021), this is not the case for younger children.
In studies with young children, number line tasks are often administered one-on-one
with an experimenter using an iPad (e.g., Geary et al., 2008). Given that the 0 — 100 scale,
in particular, is among the most widely used scales (696 Google Scholar hits, compared
with 465 for 0 — 1000 and 542 for 0 — 1) and is useful for young children (who likely
do not yet have fully developed attentional control; Tremolada et al., 2019), we aim to
determine how few target items could be used to get an accurate measure of children’s
numerical magnitude understanding to ensure responsible use of teachers’ and students’
time.

Scale Reduction Techniques

Scale reduction techniques are widely used in research to create more efficient versions
of longer measurement scales while maintaining their essential psychometric properties.
These methods are especially valuable when researchers seek to reduce participant
burden, streamline data collection, and increase the feasibility of applying the scale in
various settings.

One technique used in this study is the discrimination parameter method, derived
from the Graded Response Model (GRM) within Item Response Theory (IRT). The
GRM is particularly suited for scales with ordered categories, such as the number line
estimation tasks in the present study. By prioritizing items with high discrimination pa-
rameters, researchers can retain items that are most effective in differentiating between
individuals with similar underlying traits (Embretson & Reise, 2000). Discrimination pa-
rameters reflect how well an item distinguishes between respondents at different levels
of the measured latent trait. Items with low discrimination values are discarded since
they contribute little to the overall precision of the scale.

The optimal range of discrimination parameters in GRM typically falls between
0.5 and 2 (Hambleton et al., 1991). Items with discrimination values in this range are
considered highly effective at differentiating between respondents, making them ideal
candidates for retention on a reduced scale. Lower values, particularly below 0.5, indicate
weak discrimination, and such items are often removed from the scale due to their
minimal contribution to measurement accuracy. Items with high discrimination values
(above 1.5) are particularly effective at distinguishing between respondents with different
ability levels, while items with moderate discrimination values (between 0.5 and 1.5)
still contribute meaningfully to the overall precision of the scale. Setting a value around
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1.0 ensures that only items with optimal discrimination remain on the reduced scale.
This technique allows for a more concise instrument without compromising its ability to
measure the intended construct.

Another common method for scale reduction focuses on assessing model fit indices,
such as Root Mean Square Error (RMSE) and Standardized Root Mean Square Residual
(SRMR). These indices are frequently used in confirmatory factor analysis (CFA) to
evaluate how well a model (with a reduced number of items) fits the data. While RMSE
and SRMR help provide an overall picture of model fit, they are often used in conjunc-
tion with discrimination-based approaches to ensure both psychometric robustness and
conceptual clarity of the reduced scale (Brown, 2015). In these approaches, researchers
typically retain items that contribute to lower error rates and higher overall fit indices,
making them essential tools when developing shorter scales that maintain their integrity.

Lastly, some techniques focus on maximizing the amount of information provided by
the scale at different points on the trait continuum. In these approaches, often called
test information functions, items are selected based on their contribution to the total
information at key points (e.g., low, moderate, and high levels of the trait). This method
allows researchers to ensure that the reduced scale provides reliable measurements
across the entire range of trait levels (Baker, 2001).

By employing discrimination parameters through the GRM and prioritizing items
with high thresholds, the current study leverages an efficient method to produce a
reduced scale that remains effective and valid for measuring developmental changes
in number line estimation tasks. This technique is balanced against other reduction
strategies to ensure that the final scale continues to perform comparably to the original
instrument.

The Present Study

In the present study, we investigate the usefulness of scale reduction techniques for
finding the optimal number of items for the 0 — 100 number line estimation task. By
reanalyzing the original data from two seminal studies that employed this measure
(Booth & Siegler, 2006; Siegler & Booth, 2004), we aim to determine the minimal set of
items that could produce a scale with the same psychometric properties as the original,
longer scale. These seminal studies employed the 0 — 100 number line task with students
from kindergarten to second grade and kindergarten to third grade, respectively. We
recognize that second and third graders are typically quite linear and accurate on the
0 — 100 number line scale, and thus number line estimates on the 0 — 1000 scale might
be a more appropriate indicator of their numerical competence. However, we feel that
investigating the potential of a reduced scale on this most widely used scale (0 — 100)
requires demonstration of replication of the findings from the original papers, which
would require the use of all the data included in the original papers, not just that of
kindergartners and first graders for whom this scale might be most relevant. We thus
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compare potentially reduced scales to the original scale on two measures of interest
from the original studies to determine if a reduced scale yields sufficiently comparable
performance scores for students. We conduct the exploratory factor analysis (EFA) to
draw meaningful psychometric comparisons between the two scales. Finally, we aim to
replicate key findings from the original studies to determine if a reduced scale would
yield the same results as the original studies’ research questions around developmental
changes in number line estimates and the correlation of those estimates with mathemat-
ics achievement.

Method

Data Sources

The dataset comprises accumulated data from three previous studies: Siegler and Booth
(2004) Experiment 1; Siegler and Booth (2004) Experiment 2; and Booth and Siegler
(2006) Experiment 1, each of which measured number line estimation on a 0-100 scale
using 23 common number items: 3, 4, 6, 8, 12, 17, 21, 24, 25, 29, 33, 39, 48, 52, 57, 61,
64, 72, 79, 81, 84, 90, and 96; the Siegler and Booth (2004) study also used 43, while
the Booth and Siegler (2006) study used 42; these items were therefore eliminated from
the analysis. Estimates for these 23 numbers, grade level, age, school, and achievement
score, were compiled from N = 234 students across the three studies: 61 kindergartners,
76 first-graders, 75 second-graders, and 22 third-graders. In this task, students were
presented with sheets of paper, one at a time, each containing a 25 cm number line
with a 0 marked at the left endpoint and 100 marked at the right endpoint. A number
between 0 and 100 was printed at the top center of the page, and the student’s task was
to indicate where on the number line they believed that number would go; they did this
by making a mark on the number line at the preferred spot. For each item, the original
researchers measured the number of millimeters from the left endpoint to the student’s
placement. This was divided by the length of the whole scale and multiplied by 100 to
determine what number should go where the student placed the mark. The data used
for the present study consisted of those numbers for each student for each item and the
student’s age, grade level, and mathematics achievement score.

Assessment Framework

This study utilizes number line estimation as a diagnostic tool for evaluating students'
numerical magnitude representation capabilities. This approach is integral to discern-
ing foundational mathematical understanding, necessitating an exploration of student
response patterns to integer estimations on a numerical line. The investigation encom-
passes the evaluation criteria, the re-categorization of responses, and the probability
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assessment of endorsing a response predicated on item difficulty and discrimination
attributes.

Item Selection Criteria

The redevelopment of the number line estimation scale was guided by the utilization of
high discrimination parameters and an optimum threshold value (~1.0), as recommended
by Embretson and Reise (2000) and Hambleton and colleagues (1991). This method
prioritizes the differentiation capacity of items based on their ability to distinguish
between individuals of marginally differing trait levels, coupled with the spacing and
meaningfulness of response categories. Having said that, using this method, we can
refine the scale by discarding the previously developed items whose discrimination
parameter is significantly lower than the threshold value of 0.1. This approach underpins
the construction of a concise yet efficacious assessment tool, contrasting with alternative
methodologies that emphasize model fit and error metrics, such as RMSE and SRMR
values.

Grading System and Data Transformation

The grading system operationalized in this study delineates responses within *5 points
from the correct answer as '0' (very close), beyond 5 points as '1' (far), and beyond
10 points as '2' (very far). Inversely, responses below -5 points were categorized as '-1'
(far), and those below -10 points as '-2' (very far). The +5/+10 cutoffs were selected for
interpretability and because they yielded ordered thresholds and well-behaved category
response curves without sparse categories; alternative nearby cutoffs (£3/£6, £5/%15,
+3/%7) produced substantively similar item discriminations and test information, sup-
porting robustness.

We computed signed estimation error on the 0 — 100 scale and transformed responses
to magnitude-only ordered categories required by a unidimensional graded response
model: 3 = very close (Jerror| < 5), 2 = far (5 < |error| < 10), 1 = very far (Jerror| > 10).
Here, it is important to note that points were transformed to a new scale of 1 — 3 to
align with the GRM’s unidimensional, ordered-category assumptions; the numeric labels
are ordinal, and the GRM operates on the latent trait via estimated discrimination and
threshold parameters.

Probability of Endorsing a Response

Two pivotal factors inform a student's likelihood of selecting a specific response catego-
ry, reflecting their deviation from the accurate estimation: item difficulty and discrimi-
nation. The polytomous nature of item responses, ranging from very close to very far
from the correct answer, necessitates the application of the IRT-Graded Response Model
(IRT-GRM) for parameter estimation. This model facilitates the nuanced analysis of the
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endorsement probabilities, yielding insights into each question's underlying challenge
and discriminatory power. The GRM requires an ordered set of response categories
that reflect increasing deviations from the correct placement; the cutoffs here define an
ordinal, severity-graded outcome (very close — very far) on each item, which the GRM
models via item slopes (discrimination) and ordered threshold parameters that separate
adjacent categories.

Data Preparation

To conduct the rest of the planned analyses, we first computed two types of performance
scores for each individual student based on each iteration of the reduced scale.

Accuracy of Estimates

We used Percent Absolute Error (PAE; e.g., Siegler & Booth, 2004) to measure the overall
accuracy of students' estimates on the number line

Target Number—Estimated Number
PAE =

Scale of Estimates x 100.

PAE is thus computed for a given child on a given item by subtracting the actual value of
the to-be-estimated number from the numerical value that corresponds with the child’s
placement on the number line for that number, taking the absolute value so that over- vs.
underestimates are not distinguished, and dividing the value by the scale of the number
line (in this case, 100 since it is a 0 — 100 number line); the resulting value is then
multiplied by 100 to get a percentage. The average PAE is then computed across all the
items for a given child to provide a measure of overall accuracy. For the present study,
PAE scores were computed for each child for the entire scale and then, in turn, for each
potential reduced scale.

Pattern of Estimates

As in Siegler and Booth (2004) and Booth and Siegler (2006), we first computed the
median estimate for each number of children in a particular grade and fit linear and
logarithmic functions to the median estimates at each grade level. We then recorded the
variance that could be explained by the best-fitting linear (R:,) and logarithmic function
(Rlzog) at that grade level. This process was undertaken across the entire scale and for each
potential reduced scale.

Then, to obtain a measure of the pattern of individual students’ estimates, we fit
linear and logarithmic functions to each child’s estimates and recorded the amount of
variance that could be explained by the best-fitting linear (R:,) and logarithmic function
(Rlzog) for that child’s estimates. Again, these values were computed for each child for the
entire scale and then for each potentially reduced scale.
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Exploratory Factor Analysis (EFA)

To further validate the reduced scale, we conducted Exploratory Factor Analysis (EFA)
on both the original and reduced scales using the psych package in R (Revelle, 2021). We
performed parallel analysis to determine the number of factors to retain (Horn, 1965). To
assess unidimensionality, we calculated the eigenvalue ratio (first to second factor) and
the percentage of variance explained by the first factor (Slocum-Gori & Zumbo, 2011).
We also assessed reliability using Cronbach's alpha and McDonald's omega (Dunn et al.,
2014) for further comparisons.

Results

Graded Response Model (GRM) Analysis

After running the Item Response Theory (IRT)-Graded Response Model using the ltm
package in R (Rizopoulos, 2018) for our polytomous dataset, we found threshold (ex-
treme) and discrimination values, as mentioned in Table 1. In the Graded Response
Model, thresholds indicate where individuals are likely to transition between different
response categories, with higher thresholds corresponding to more difficult items or
response categories that require a higher level of the latent trait.

As mentioned previously, discrimination parameters indicate that an item is effective
at differentiating between individuals with slightly different trait levels. Therefore, for
our first iteration, we considered all the items whose discriminating values are more
significant than 1 and then subsequently added items that are very close to 1, one by one,
for further iterations. We stopped at the reduction iteration that yielded a comparative
analysis that produced similar results to those of the original dataset.

As indicated in Table 1, all the values greater than target item 33 have low discrimina-
tion values less than 1. Thus, we reduced the length of the test by removing all the target
items after 33 for this scale for the first iteration (the remaining items are 3, 4, 6, 8, 12, 17,
21, 24, 25, 29, 33). We then successively added back in one item at a time, starting with
the largest discrimination value (i.e., we subsequently added 52 for the second iteration
(discrimination value 0.997), 39 and 57 for the third (discrimination value 0.88), etc.), and
81 for the fourth (discrimination value 0.83). Thus, the original combined scale had 23
items, Iteration 1 had 11 items, Iteration 2 had 12 items, Iteration 3 had 14 items, and
Iteration 4 had 15 items. We did not proceed with Iteration 5 because no further items
had discrimination values close to the threshold of 1.0.
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Table 1

Threshold and Discrimination Values From Graded Response Model Analysis

Target Number Threshold 1 Threshold 2 Discrimination
3 -0.787 0.125 2.182
4 -0.048 0.771 2.189
6 0.284 1.002 2.421
8 0.684 1.174 2.907
12 0.610 1.292 2.499
17 0.735 1.475 2.155
21 0.650 1.421 1.788
24 0.579 1.454 1.318
25 0.405 1.369 1.837
29 0.605 1.446 1.173
33 0.302 1.081 1.246
39 0.433 1.635 0.881
48 0.987 6.014 0.341
52 -0.393 0.634 0.997
57 -0.131 0.982 0.880
61 -0.630 0.969 0.554
64 -0.399 1.207 0.598
72 -0.791 1.332 0.517
79 -0.047 2.557 0.472
81 0.071 1.687 0.837
84 0.702 3.201 0.384
90 0.111 1.747 0.521
96 1.999 5.182 0.341

Student Performance

To test whether the reduced scale options yield sufficiently comparable performance
scores for students, we first computed correlation coefficients for the PAE scores for the
original scale with the PAE scores for each potential reduced scale and for the R}, values
for the original scale with those for each potential reduced scale.

PAE scores for the original scale were significantly correlated with PAE scores for
each of the potentially reduced scales as shown in Table 2. To compare these correlations,
we used Fisher’s r-to-z tests for dependent samples. Accuracy for Iteration 2 was more
highly correlated with that for the original scale than was Iteration 1 accuracy. Iteration
3 accuracy was more highly correlated than Iteration 2 accuracy, and Iteration 4 accuracy
was more highly correlated with Iteration 3 accuracy. Thus, of all the potentially reduced
scales, Iteration 4 produced the most highly correlated accuracy scores with those from
the original scales. Similarly, R}, scores for the original scale were significantly correla-
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ted with R}, scores for each of the potentially reduced scales, as presented in Table 3, and
we found similar results.

Table 2

PAE Scores: Original vs Iterations

Correlation Degrees of
Comparison Coefficient (r) Freedom (df) P Fisher’s z z P (z-test)
Original vs. Iteration 1 0.746 234 <.001 = = =
Original vs. Iteration 2 0.756 234 <.001 - - -
Original vs. Iteration 3 0.776 234 <.001 = = =
Original vs. Iteration 4 0.797 234 <.001 - - -
Iteration 1 vs. Iteration 2 = = = -3.642 = <.001
Iteration 2 vs. Iteration 3 - - - -4.741 - <.001
Iteration 3 vs. Iteration 4 = = = -5.182 = <.001
Table 3
Rlzin Scores Comparisons

Correlation Degrees of
Comparison Coefficient (r) Freedom (df) P Fisher’s z z p (z-test)
Original vs. Iteration 1 0.462 234 <.001 = = =
Original vs. Iteration 2 0.736 234 <.001 - - -
Original vs. Iteration 3 0.814 234 <.001 = = =
Original vs. Iteration 4 0.926 234 <.001 - - -
Iteration 1 vs. Iteration 2 = = = -8.771 = <.001
Iteration 2 vs. Iteration 3 - - - -5.829 - <.001
Iteration 3 vs. Iteration 4 = = = -13.858 = <.001

Next, we computed a series of paired-sample t-tests to compare the mean PAE and R},
scores for each potential reduced scale with the mean scores for the original scale, as
shown in Table 4.

In Table 4, we summarize the t-test results for both PAE and R, measures across all
four iterations of the reduced scale, including the t-values, degrees of freedom, p-values,
Cohen's d effect sizes, and interpretation of effect sizes. To account for multiple compari-
sons, we applied the Bonferroni correction, adjusting the significance threshold to o =
.05/8 = .00625. Only one comparison yielded a statistically significant difference after
this correction (that for Iteration 1 PAE). PAE and Rlzin for Iterations 2, 3, and 4 did not
significantly differ from the original scale.
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Table 4

Differences Between Each Iteration and Original Scale in PAE and R Metrics

Measure Iteration t df P d Effect Size
PAE 1 -3.003 466 .003* 0.28 Small

2 -2.451 466 .015 0.23 Small

3 -1.906 466 .057 0.18 Small

4 -1.727 466 .085 0.16 Small
Rlzin 1 2.287 466 .023 0.21 Small

2 2.296 466 .022 0.21 Small

3 2.068 466 .039 0.19 Small

4 1.956 466 .051 0.18 Small

Note. To account for multiple comparisons, we applied a classic Bonferroni correction, adjusting the signifi-
cance threshold to o = .05/8 = .00625.
*p < .00625.

Selecting a Preferable Reduced Scale

We considered the findings from the prior analysis and used them to determine which
iteration we deem most preferable. Though Iteration 1 was the only reduced scale that
had discrimination values all of less than one, this scale also had all eleven target items
that were focused on the lower range of the 0 — 100 scale, specifically between 3 and
33 (see Table 1). Thus, we were concerned that this scale would not be able to fully
capture any developmental changes that occurred at the higher end of the scale. We
decided that a reduced scale that also represented the higher end of the 0 - 100 range
would be most preferable. Thus, we considered Iterations 2 — 4. Iterations 2 and 3 added
target items at around the midpoint of the scale (i.e., 52 for Iteration 2 and 39 and 57 for
Iteration 3). Thus, we saw these as improvements upon Iteration 1. However, Iteration
4 included a target item at the higher end of the scale (i.e., 81) and we saw this as a
particular benefit to the scale. We also considered correlations between the original scale
and reduced scales’ R}, and PAE scores for each iteration. As displayed in Table 3, we
found significant correlations for all iterations, yet correlations for our R}, comparisons
became significantly and dramatically stronger as we progressed from Iteration 1 (r =
.462) to Iteration 4 (r = .926). As displayed in Table 2, correlations between original and
reduced scale PAE scores also became progressively and significantly stronger, though
the increases were not as drastic, going from Iteration 1 (r = .746) to Iteration 4 (r = .797).
Next, we considered differences in original PAEs and R}, to each of the reduced
scales. As displayed in Table 4, considering the Bonferroni-corrected p-value threshold of
.00625, only one significant difference was found: PAE for Iteration 1 was significantly
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different from PAE for the original scale. R, for Iteration 1, as well as PAE and R, for
Iterations 2, 3, and 4, were not significantly different from that on the original scale.
Based on these analyses, we recommend Iteration 4 as the preferred reduced scale,
as it produced the PAE and R}, values that are most highly correlated with the original
scale, and because those PAE and R, values were not significantly different from the
original scale. We thus used Iteration 4 in the subsequent analyses to determine if
key findings from the original studies are replicated with the reduced scale. This scale
included the following 15 items: 3, 4, 6, 8, 12, 17, 21, 24, 25, 29, 33, 39, 52, 57, and 81.

Exploratory Factor Analysis (EFA) Analysis

Before replicating key findings from the original studies, we conducted Exploratory
Factor Analysis (EFA) to examine the underlying factor structure of both the original
and reduced scales and to assess their dimensionality. We first examined the factor
structure using principal axis factoring with oblimin rotation. Scree plots were generated
to visually compare the eigenvalues of both scales, as shown in Figure 1.

Figure 1

Scree Plot Comparison for Both Original Scale and Reduced Scale
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Parallel analysis was then performed to determine the number of factors to retain
(Horn, 1965), with results displayed in Figure 2.
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Figure 2

Parallel Analysis Comparisons
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We compared the observed eigenvalues with those generated from random data to
identify significant factors. To assess unidimensionality, we calculated the eigenvalue
ratio (first to second factor) and the percentage of variance explained by the first factor
(Slocum-Gori & Zumbo, 2011). Reliability was assessed using Cronbach's alpha and
McDonald's omega (Dunn et al, 2014). Additionally, we examined factor loadings to
compare the clarity of factor structure between the original and reduced scales.

As shown in Table 5, the reduced scale maintained comparable psychometric proper-
ties to the original scale while improving some aspects of unidimensionality. The reduced
scale (15 items) demonstrated a slightly lower eigenvalue ratio (3.64) compared to the
original scale (3.80), but explained a higher percentage of variance through its first factor
(56.49% vs. 54.85%). Both scales exhibited high internal consistency reliability, with the
original scale showing marginally higher Cronbach's alpha (a = .86 vs. .85) and identical
McDonald's omega values (o = .89). Notably, parallel analysis suggested fewer factors for
the reduced scale (2 factors) compared to the original scale (4 factors), indicating a po-
tentially simpler factor structure. These results suggest that the reduced scale preserves
the essential psychometric qualities of the original while potentially offering a more
parsimonious measure of the construct.
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Table 5

Psychometric Comparisons

Property Original Scale Reduced Scale
Number of Items 23 15
Eigenvalue Ratio (Factor 1/Factor 2) 3.82 3.64
Variance Explained by First Factor (%) 54.85 56.49
Cronbach's Alpha 0.86 0.85
McDonald's Omega 0.89 0.89
Factors Suggested by Parallel Analysis 4 2

Note. Reduced Scale: 3, 4, 6, 8, 12, 17, 21, 24, 25, 29, 33, 39, 52, 57, 81.

Developmental Changes in Accuracy of Number Line Estimates

As in the original studies, we first conducted a one-way ANOVA on PAE scores by grade.
In the original publications, there were significant main effects of grade on PAE scores
such that kindergartners’ estimates were less accurate than those of first or second
graders (Siegler & Booth, 2004) or first, second, and third graders (Booth & Siegler, 2006).
With the reduced scale, there was also a significant main effect of grade, F(3,230) =
52.766, p < .001, r][z) = .408. Follow-up paired-sample #-tests with Bonferroni correction
showed that kindergarteners had higher PAE (M = .28) than first (M = .16), second (M =
.13), or third graders (M = .09); first graders also had significantly higher PAE than third
graders (all p < .05).

Developmental Changes in Patterns of Number Line Estimates

As in the original studies, we used a three-pronged approach to examining developmen-
tal change in patterns of number line estimates: 1) Comparing variance explained by lin-
ear vs. logarithmic functions fitting median estimates at each grade level, 2) Comparing
the distribution of the best-fitting type of function (Linear or Logarithmic) for individual
students in each grade level, and 3) examining changes in the amount of variance
accounted for by the best fitting linear function (R}, scores) for each child by grade level.

As previously mentioned, since the original studies, there have been a number of
efforts to test additional functions beyond the linear and logarithmic to assess the nature
of the pattern of students’ number line estimates. While it is not practical to test the
effectiveness of the reduced scale using all of the types of models that have been
introduced, there is one particular model, the mixed log linear model, which relies on
a similar theoretical framework as the original studies and which has been shown to
parsimoniously capture individual differences in most students’ number line estimates
(Qin et al,, 2024). As one final test of the effectiveness of the reduced scale, we thus
conclude this section by assessing change in the fit of the mixed log linear model to
students’ estimates on the original and the reduced scales.
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Variance Explained by Linear vs. Logarithmic Functions Fitting Median
Estimates

In the original studies, median estimates were computed for each number for students
in a particular grade level. That is, the median estimate for the placement of 3 by
kindergartners, the median estimate for the placement of 3 by first graders, the median
estimate for the placement of 4 by kindergartners, etc. Then, for each grade, the median
estimates were plotted against the actual values of the numbers, and the best-fitting
linear and logarithmic functions were identified. The absolute value of the differences
between the median estimates and the number predicted by the best fitting linear and
logarithmic functions were then computed and compared. Results from those studies
generally indicated that kindergartners’ median estimates were better fit by the loga-
rithmic function, first graders’ estimations were typically equally well fit by the two
functions, and second and third graders’ estimations were better fit by the linear function
(Booth & Siegler, 2006; Siegler & Booth, 2004)". Plots showing the best-fitting linear and
logarithmic functions at each grade level for the original and reduced scales can be found
in Figure 3.

To evaluate whether a linear or logarithmic model was a better fit for the median
values at each grade level, we first computed, for each trial at each grade level, the
absolute value of the difference between the median value and the value for that trial
that would be predicted by the best-fitting linear and logarithmic models. We then
computed paired-samples t-tests for each grade level to compare the average distance of
the median values to the linear vs. the logarithmic model; each of the included trials was
therefore a separate data point in this analysis. Results for the original scale containing
23 trials, consolidated across studies, were aligned with those described in the original
studies (see Figures 3a-d): Kindergartners’ estimates were better fit by the logarithmic
(R? = .93) than the linear function (R? = .67; #(22) = 3.97, p < .001, d = 0.80); First graders
were equally fit by the logarithmic (R? = .96) and linear functions (R? = .95) as indicated
by a non-significant; #22) = -0.16, p = .88, d = 0.03; Second (Ry, = .98; R, = .89; #(22) =
-6.94, p < .001, d = 1.40) and third graders (Rj, = .98; Ri,, = .85; #(22) = -5.01, p < .001, d =
1.01) were better fit by the linear function.

For the reduced scale with 15 items, as shown in Figure 3e, kindergarten students’
estimates were better fit by the logarithmic (R? = .93) than the linear function (R? = .57;
#(14) = 3.91, p < .01, d = 0.95). Third graders’ estimates on the reduced scale (Figure 3h)
were better fit by the linear (R? = .97) than the logarithmic function (R? = .83; #(14) =
-2.99, p < .01, d = 0.73). Estimates on the reduced scale were equally well fit by the linear
and logarithmic functions for first (Rlzin = .92; Rlzog =.96; H(14) = 1.67, p = .12, d = 0.41)
and second graders (Rlzm = .95; Rlzog =.90; #(14) = -1.25, p = .23, d = 0.30). That is, findings

1) As in the original studies, the best-fitting exponential function was also computed, but we do not include it here as
it was not the best fit for any grade level.
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for the reduced scale deviated from the original scale only for second graders with no
significant difference in fit between linear and logarithmic with the reduced scale but a
better fit with linear for the original scale. These differences will be considered in the
discussion. We then proceeded to examine fit distributions at the student level, described
next.

Figure 3

Best-Fitting Linear and Logarithmic Functions for Medians at Each Grade for the Original (a-d) and Reduced Scales
(e-h)
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Distribution of the Best-Fitting Type of Function for Individual Students

In the original studies, chi-squared analyses of the distribution of children in each grade
for whom the linear or logarithmic function provided the better fit revealed that the per-
centage of children whose estimates were best fit by the logarithmic function decreased
with grade, and the percentage of children best fit by the linear function increased with
grade. In general, a higher proportion of kindergartners were best fit by the logarithmic
function, a higher proportion of the older students (2nd and/or 3rd graders) were better
fit by the linear function, and students in the middle were equally likely to be best fit by
the linear and logarithmic functions. With the reduced scale, the best fitting function for
students’ estimates again varied by grade, x%(3, N = 234) = 24.408, p < .001. As shown in
Figure 4, the percentage of children best fit by the logarithmic function decreased with
age, while the percent best fit by the linear function increased.
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Figure 4

Best Fit-Measures (Linear vs Logarithmic)
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Kindergartners’ and first graders’ estimates were more likely to be best fit by the
logarithmic than the linear function. Second graders’ estimates were equally likely to
be best fit by the linear and logarithmic functions, while third graders were more likely
to be best fit by the linear function than the logarithmic function. Booth and Siegler
(2006) also conducted additional paired-sample t-tests comparing the mean linear and
logarithmic fit at each grade level, revealing that the linear function fit student estimates
worse than the logarithmic one for kindergartners, equal to the logarithmic one for first
graders, and better than the logarithmic one for second and third graders. The same
analyses with the reduced scale across all of the participants revealed that the linear
function fit student estimates worse than the logarithmic one for kindergartners [.28 vs.
44; 1(60) = -8.544, p < .001] and first graders [.64 vs. .70; #(75) = -2.816 p < .01], and better
than the logarithmic one for third graders [.84 vs. .76; #(21) = 2.742, p < .01]. The fit of
the linear and logarithmic functions for second graders was equal, with a non-significant
trend towards a better fit for the linear function [.72 vs. .69; #(74) = 1.726, p = .09]. Thus,
findings for the reduced scale matched those for the original scale for kindergartners and
third graders; for first graders, the reduced scale led to more students being classified as
logarithmic than for the original scale, and for second graders the reduced scale led to
more students being equally fit by the logarithmic and linear functions rather than better
fit by the linear function as in the original scale.
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A final way to evaluate the ability of the reduced scale to replicate findings from the
original scale is to examine change in the function of best fit for individual students.
As shown in Table 6, the best-fitting function from the reduced scale matched that for
the original scale for 85.5% of individual students (93.4% of kindergartners, 81.6% of first
graders, 84% of second graders, and 81.8% of third graders). Across all grades, when the
best-fitting function did not match, the change was more likely to be towards a better
fit by the logarithmic function; that is, students who were best fit by the linear function
on the original scale but by the logarithmic function for the reduced scale (N = 30
students). Only a handful of students (N = 4) were better fit by the logarithmic function
for the original scale but by the linear function for the reduced scale. In general, the
reduced scale most accurately replicated the best-fitting function for individual students
for kindergartners and was least accurate for second graders.

Table 6

Match in Best-Fitting Function for Individual Students With Original vs. Reduced Scales

Best fit on Reduced Scale

Best fit on

Grade Original Scale Log Lin % Match

Kindergarten Log 48 2 93.4%
Lin 2 9

First Grade Log 36 2 81.6%
Lin 12 26

Second Grade Log 24 0 84.0%
Lin 12 39

Third Grade Log 3 0 81.8%
Lin 4 15

Variance Accounted for by the Best Fitting Linear Function (R, Scores) for
Individual Students

As in the original studies, we first conducted a one-way ANOVA on Rlzin scores by grade.
In the original publications, there were significant main effects of grade on R, scores
such that kindergartners’ estimates were less linear than those of first or second graders
(Siegler & Booth, 2004) or first, second, and third graders (Booth & Siegler, 2006). With
the reduced scale, there was also a significant main effect of grade, F3,230) = 60.05, p <
.001, n}z) = .439. Follow-up paired-sample #-tests with Bonferroni correction showed that
kindergarteners had lower Rlzm (M = .28) than first (M = .64), second (M = .72), or third
graders (M = .85); first graders also had significantly lower Rf;, than third graders (all p <
.001).
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Variance Accounted for by the Mixed Log-Linear Model for Individual Students

We used the method employed by Qin and colleagues (2024) to compute the fit of the
mixed log-linear model (MLLM) for each student’s estimates, separately for the original
scale and for the reduced scale. These calculations resulted in two variables of import
for each student for each scale: the amount of variance accounted for by the function
(Riin), and the weight of the logarithmic component of the function (A). For the data
in the present study, Ry scores did not differ significantly between the original (M =
.59) and reduced scales (M = .52; #(466) = .407, p = .68). There was also no significant
difference in A for the original (M = -.09) vs. reduced scales (M = .04; #(466) = -0.677,
p = .50). Developmental change in patterns of estimates in Qin and colleagues (2024)
was represented by a decrease in A by student age, indicating that the relative degree
of logarithmicity in estimates decreased as students aged. Similarly, in the present study,
there were significant decreases in A by grade for both the original (F3,230) = 32.82, p <
.001, r]fJ =.296) and reduced scales (F(3,230) = 32.25, p < .001, nf) =.300). Follow-up paired-
sample t-tests with Bonferroni correction for each scale showed that kindergarteners had
higher A (Ms = .91 and .94 for original and reduced scales, respectively) than first (Ms =
.59 and .61), second (Ms = .48 and .50), or third graders (Ms = .34 and .35; all ps < .001);
first graders also had significantly higher A than third graders (ps < .01). Descriptive
statistics that demonstrate PAE, R}, and Rlzog by grade are displayed in Table 7.

Table 7

Descriptive Statistics for Original and Reduced Scale by Grade Level

PAE R Rig
Original Reduced Original Reduced Original Reduced
Scale Scale Scale Scale Scale Scale
Grade M SD M SD M SD M SD M SD M SD
Kindergarten 24.20% 0.052 28.42% 0.081 0.334 0.227 0.284 0.207 0.449 0.248 0.442 0.247
First Grade 15.57% 0.057 16.30% 0.094 0.689 0.235 0.643 0.229 0.714 0.182 0.699 0.190
Second Grade 12.65% 0.045 12.94% 0.075 0.786 0.195 0.721 0.239 0.737 0.159 0.689 0.192
Third Grade 8.88% 0.027 8.93% 0.044 0.879 0.125 0.847 0.115 0.796 0.089 0.758 0.127

Correlations Between Accuracy and Linearity of Estimates With Students’
Mathematics Achievement Scores

Because the original studies were conducted at different times and in different school
districts, they also took different achievement tests or versions of achievement tests.
We therefore first z-standardized achievement test scores within grade within study to
ensure that we could compare across studies and across grade levels.

As in the original studies, we computed partial correlations between students’ PAE
and R;, scores with their achievement test scores, controlling for age. Across the origi-
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nal studies, there was evidence of connections between both measures of number line
performance and student achievement scores, though the particular grade levels and
measures that yielded significant correlations varied by study. In general, though, the
larger the amount of variance in estimates explained by a linear function (e.g., higher
R, scores), and the greater the accuracy of estimates (e.g., lower PAE), the higher the
achievement scores. Partial correlations for z-standardized achievement test scores with
PAE and R;, on the reduced scale, controlling for age, can be found in Table 8. In
the original studies, all such analyses were conducted separately for each grade level;
because we have z-standardized the scores to account for the use of different tests
that are not identically normed, here we also present the correlations for the whole
sample. As with the original papers, with the reduced scale, R, scores were consistently
correlated with achievement test scores, such that higher R}, scores were associated with
higher achievement test scores; this was the case for the sample as a whole as well as for
students within each individual grade level. Again, as in the original papers, PAE scores
for the reduced scale were correlated with achievement test scores; this was the case
across the whole sample, and for first and second graders in particular.

Table 8

Partial Correlations Between Accuracy and Linearity of Number Line Estimates With Achievement Scores,
Controlling for Age Using the Reduced Scale

Sample PAE R

All Grades 1(227) = -.283, p < .001 n(227) = 318, p < .001

Kindergarten n(58) = -.154, ns n(58) = .264, p < .05

First Grade n72) = -.411, p < .001 n(72) = 406, p < .001

Second Grade n(71) = -.334, p < .01 n71) = .315, p < .01

Third Grade n(17) = -.437, ns n(17) = 511, p < .05
Discussion

Over the past two decades, the number line estimation task has been widely used as
a measure of children’s numerical competence (e.g., Li et al., 2024; Ruiz et al., 2023).
However, the number of trials given within the task has varied considerably, involving
up to 44 or even more trials given to individual students. The present study used data
from two previously published studies involving number line estimation on a 0 — 100
scale (Booth & Siegler, 2006; Siegler & Booth, 2004) to determine potential reduced sets
of trials that could be used to produce similar results while taking up less time in data
collection.

The current findings demonstrate that our reduced whole number line (0 — 100)
scale successfully replicates the patterns of developmental findings from both prior
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foundational work (Booth & Siegler, 2006; Siegler & Booth, 2004) and recent assertions
(Qin et al., 2024). However, we find inconsistencies specifically in relation to patterns of
results for second graders, discussed further below. That is, the reduced scale (15 target
items) has comparable psychometric properties compared to the original scale (23 target
items). Further, as in seminal pieces by Siegler and Booth (Booth & Siegler, 2006; Siegler
& Booth, 2004), the logarithmic-to-linear shift is supported with the reduced scale, with
kindergarteners’ estimates better fit by a logarithmic than a linear function and third
graders’ estimates better fit by a linear than a logarithmic function. Analysis of individu-
al student distributions also supports this claim. The previous work demonstrated devel-
opmental change in how children represent numerical magnitudes on a mental number
line. They found that young children (around 5) hold a logarithmic representation of
numbers where smaller numbers (e.g., 1, 2, 3) are spaced farther apart on their mental
number line, while larger numbers (e.g., 30, 40, 50) are compressed closer together. That
is, they overestimate the size of smaller numbers relative to larger numbers. This reflects
a non-linear representation of numerical magnitude in which equal intervals represent
exponential rather than additive changes. Children’s numerical representations become
more linear as they develop (~6 — 8 years old). That is, they shift towards holding a
linear mental number line in which equal intervals represent the same magnitude as
demonstrated by their placement of target numbers spaced equally and appropriately
on a number line; a similar finding from Qin and colleagues (2024) regarding increased
linearity in student estimates with age is also replicated with our reduced scale.

As in the prior work, first-graders were no more linear in their estimates than loga-
rithmic. However, there were some slight deviations in the findings of the current work
and prior work with second graders’ estimates. In the seminal work, second graders’
estimates were significantly more linear than logarithmic. In the current analysis with
the reduced scale, the second graders’ estimates did not significantly differ in terms of
their linearity or logarithmic nature. An inspection of the R? values shows that second
graders’ estimates seemed to be more linear (R, = .95) than logarithmic (RlzOg = .90),
but these differences are not significantly different. This discrepancy does not appear
to be an issue with power, as the analysis included second graders across three original
studies. However, it is possible that the sensitivity of the reduced scale for detecting
pattern shifts in number line estimation varies by grade. That is, our reduced scale
may be most accurate with respect to linear and logarithmic patterns for the grades
chronologically furthest from the developmental transition (kindergartners and third
graders) and the grades around the transition (e.g., 2nd grade) may need a more expan-
ded measure to more precisely and fully capture the nuanced change from logarithmic to
linear representations.

Next we consider the finding that the best option of the reduced 0 — 100 scales
comprised 15 target items, with 12 of those items in the first half of the range of the
scale. That is, the scale included the following targets: 3, 4, 6, 8, 12, 17, 21, 24, 25, 29,
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33, 39, 52, 57, and 81. This is likely due to the composition of the sample in relation to
their developmental stage of numerical magnitude understanding. That is, the majority
of the sample held a logarithmic representation of numerical magnitude, and so more
target items in the first half of the scale is likely better able to capture the shape of the
curve in that part of the scale. As mentioned previously, it is likely that the 0 — 100
scale employed in the present study is not the optimal way to capture the numerical
competence of the older students in this study (second and third grade students), and
that their performance on a 0 — 1000 scale may be more useful. However, when it is
desirable to assess the 0 — 100 number line estimation skills of these older students who
have more accurate or linear representations of the scale, researchers may need even
fewer target items to capture their magnitude understanding in this range. Future work
with older samples may wish to investigate further reductions. Following this logic, it is
possible that reduction procedures for larger scales (e.g., 0 — 1000, 0 — 10,000) may follow
the same patterns with older children. For example, the logarithmic to linear shift that
occurs within the 0 — 1,000 scale happens at the age of 8 — 10 (Booth & Siegler, 2006;
Siegler & Booth, 2004). The logarithmic to linear shift that occurs within the 0 — 10,000
scale happens around the age of 10 — 12 (Siegler et al., 2011). It is possible that reduced
scales for these ranges would rely more heavily on targets in the 0 — 500 range (for the
0 — 1000 scale) and in the 0 — 5000 range (for the 0 — 10000 scale) if studying 8 — 10 year
olds and 10 - 12 year olds, respectively. Alternatively, it is possible that there is already
bias reflected in the design of the original scale due to the intentional oversampling
of the first half of the scale. That is, because there are more target items in the first
half of the number line, it may be easier to replicate a logarithmic curve found with a
reduced set of target items sampled from this same distribution. To determine whether
this possibility is a better explanation for the perceived accuracy of the reduced scale, a
set of targets that are equally representative of the entirety of the scale may be necessary.
Though this is a possibility, and more research with a wider variety of targets may serve
to support or challenge prior work, we consider the findings of Gashaj et al. (2016), who
used an approximately equal number of target items above and below 50 on a 0 — 100
scale and found that kindergarteners’ numerical magnitude on a 0 — 100 number line
was more logarithmic than linear. Still, further research using a more even distribution of
target items across scales at different grades or ages may clarify whether potential biases
exist in the original scale.

We also employed rigorous psychometric methods to evaluate and refine the scale,
addressing limitations in the original scale's development. We utilized the graded re-
sponse model (GRM), which is specifically designed for analyzing ordered polytomous
data such as Likert-style items (Samejima, 2016). This approach allowed us to examine
item-level properties and overall scale performance with greater precision than classical
test theory methods alone.
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Our analyses also included exploratory factor analysis (EFA) with scree plot examina-
tion, providing insights into the scale's dimensionality (Cattell, 1966). We also conducted
parallel analysis, which is considered one of the most accurate methods for determining
factor retention (Horn, 1965). The use of multiple criteria for assessing dimensionality,
including eigenvalue ratios and explained variance, strengthened our conclusions about
the scale's structure. We also used both Cronbach's alpha and McDonald's omega to
check for reliability, which gave us a more complete picture of internal consistency
(Dunn et al., 2014). These methodological strengths, combined with our systematic ap-
proach to scale reduction, provide a solid foundation for confidence in our findings.
The refined scale not only maintains the psychometric integrity of the original but also
potentially improves its unidimensionality and efficiency, addressing the limitations of
the original scale's atheoretical development.

Despite these strengths, the current study has the following limitations that can be
addressed in future research. First, we note some methodological limitations. Our method
for factor analysis was exploratory in nature. In future studies, confirmatory factor
analysis (CFA) could be used to confirm the structure of the scale even more. It would be
possible to test the hypothesized factor structure that came out of our exploratory anal-
yses more thoroughly with CFA. This could make the construct validity of the refined
scale stronger. Moreover, the assumptions of unidimensionality and local independence,
which are fundamental to the graded response model used in this study, warrant further
examination. Future research should investigate how well these assumptions hold across
different contexts and populations, as violations of these assumptions could impact the
accuracy of item parameter estimates and overall scale performance.

Further, while we believe that the reduced scale sufficiently captures variance in
students’ number line estimation skills, it is, of course, not certain that they would
have made the same estimations on the target items if they had only been given those
items. That is, it is possible that the students’ estimations on the retained target items
were influenced by their experience considering the other, non-retained target items.
Future work would need to directly compare children’s estimations when given only the
reduced scale vs. the full scale to determine whether this is of consequence on estimates.
Additionally, while our sample (N = 234) was drawn from three studies by the same
group—which may limit external generalizability—we note that the present work primar-
ily targets scale reduction and item functioning (discrimination, thresholds) rather than
population-level generalization; nonetheless, future validation in independent, diverse
samples is warranted. We also note here that we had far fewer third graders in our
analytic sample than earlier grades. Future work in this area should attempt to recruit a
more even distribution of participants per grade.

We also consider the age of the data itself. That is, the data used in the current
study originates from studies conducted as early as 2004. Some of the trends we see in
the logarithmic to linear shift may happen at a different age or grade level, as schools
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have taken steps to focus more on inclusion of number line activities in their standard
mathematical practices in second grade (e.g., National Governors Association Center for
Best Practices & Council of Chief State School Officers [NGA & CCSSO], 2010). More
current number line work with the 0 — 100 scale has replicated the same pattern but
has argued that the pattern is more reflective of skill at mapping numbers to space
(e.g., Cohen & Quinlan, 2018; Haman & Patro, 2022; Sasanguie et al., 2016). Indeed, most
recent work using the 0 — 100 NLE task emphasizes results regarding accuracy (e.g., PAE)
rather than linearity (e.g., Ruiz et al., 2024); or evaluate linearity without consideration
of the logarithmic function (e.g., Li et al., 2024). Thus, the usefulness of the NLE task for
comparing patterns of estimation may be less important now. Researchers who maintain
the goal of investigating transitions in estimation patterns may need to confirm that the
reduced scale we derived in the current study yields the same or similar findings with
children currently in third grade or below.

It is also important to note that although discrimination might differ by grade, our
per-grade subsamples are too small to support stable multi-group GRM estimation; small
group sizes in polytomous IRT can lead to imprecise discrimination and threshold esti-
mates, so we report a single-group calibration and reserve formal grade-level invariance
tests for future work with larger, grade-balanced samples.

Finally, it is worth noting that the reduced scale is comprised almost entirely of items
in the lower half of the numerical scale. When the original task was designed, numbers
were oversampled from the lower third of the scale in order to capture a potential
logarithmic-to-linear shift (e.g., Siegler & Booth, 2004). Oversampling in the case of the
0 — 100 number line meant including 10 items between 0 — 30 and 14 items between
31 - 100. In contrast, our reduced scale retained 8 items between 0 — 30 and only 5 items
between 31 — 100. Thus, oversampling of the low end of the scale is indeed important
and may in fact be even more critical than originally anticipated. That is, accurately
capturing variance in young students’ number line estimations appears to require an
even greater proportion of numbers at the low end and many fewer items in the top
two-thirds of the scale.

Practical Implications

We consider the practical implications of this work. Magnitude understanding is one
of the most studied mathematical competencies in the fields of both psychology and
education. Thus, the number line task is one of the most often administered assessments
in research in this domain. Though some researchers use a paper-and-pencil task as was
traditionally done in the foundational work (e.g., Booth & Siegler, 2006), much of the
field is moving towards iPad or Chromebook administration of the task. Administration
is typically conducted in a one-on-one setting with a researcher. Math instructional
time makes up approximately 12% of U.S. students’ school days (with variations across
states and districts; Mullis et al., 2016). Many schools are hesitant to interrupt children’s
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school day to engage in research. U.S. schools in particular are hesitant to spend too
much time on research-based activities that they see as taking away from instructional
time. Although intervention-based work can be seen as instructional time and may be
welcome by many school administrators and practitioners, the assessments that come
along with such classroom-based research are typically not viewed as “instructional
practices”. That is, schools prioritize instructional time, and research activities must not
interfere with teaching and learning. Thus, schools actively safeguard instructional time.
As such, researchers conducting classroom-based assessments must be cognizant of the
time their assessments take. The current scale reduction study takes important strides
towards addressing these concerns in both a practical and methodologically rigorous
way that simultaneously aligns with the developmental changes that occur within the
children the scale is designed to assess.
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