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Abstract

Understanding how non-numerical visual features systematically distort numerosity perception holds promise for unveiling the
processes that give rise to our visual number sense. Recent studies show that increasing visual coherence systematically increases
perceived numerosity, with this effect strengthening over development (DeWind et al., 2020; Qu, Bonner, et al., 2024; Qu et al., 2022).
Here, we investigate the cognitive mechanisms underlying the coherence illusion from a view of perceptual decision processes.
Specifically, we applied a drift diffusion model (DDM) to a previously described dataset from participants aged 5-30 tested in an
ordinal numerical comparison task with color entropy systematically manipulated (Qu et al., 2022). By jointly modeling choice data
and response times, we decomposed numerical discrimination performance into distinct decision components: the speed of numerical
evidence accumulation (drift rate), the amount of evidence required for a decision (boundary separation), and the response bias
reflecting a prior tendency of selecting one side over the other. We found that color coherence affected only the drift rate but not
response bias or boundary separation, demonstrating that color coherence distorts numerical calculation through biased
accumulation of evidence of quantity. Moreover, the impact of coherence on the drift rate coefficient increased with age as
quantitative information is accumulated more efficiently over development. Our results offer a framework for understanding how

numerical illusions arise from perceptual decision-making dynamics.
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The Approximate Number System (ANS) enables a wide range of organisms to represent numerical quantity without
symbols (Dehaene, 1997; Feigenson et al., 2004). It supports estimation, comparison, and intuitive arithmetic operations
such as addition, subtraction, and multiplication for nonsymbolic quantities (Barth et al., 2005, 2008; McCrink & Spelke,
2010; Pica et al., 2004; Qu et al,, 2021). Numerosity discrimination governed by the ANS follows Weber’s law: the
ability to differentiate two numerosities depends on their ratio rather than their absolute difference (e.g., Dehaene, 2003;
Piantadosi, 2016). Despite decades of research on the manifestation of the ANS, there is no consensus on the underlying
mechanism by which ANS representations are constructed from sensory input.

Visual illusions, or systematic errors in visual perception, offer a powerful window into the mechanisms underlying
numerosity perception (Adriano et al., 2021; Eagleman, 2001; Parrish et al., 2016). A handful of numerical illusions have
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been described that lead to systematic over- or underestimation (Adriano et al.,, 2021; Eagleman, 2001; Parrish et al.,
2016). For example, the physical or illusory connections between objects (Adriano et al., 2021; Franconeri et al., 2009; He
et al., 2009; Kirjakovski & Matsumoto, 2016), the regularity of spatial arrangement of elements (Ginsburg, 1976, 1978),
and statistical pairing (Zhao & Yu, 2016) all produce systemic alterations in perceived number.

One classic and most studied numerical illusion is the effect of connectedness, whereby arrays of dots that are
visually grouped into pairs by task-irrelevant connecting lines are consistently perceived as less numerous than identical
arrays in which the dots remain unconnected (Franconeri et al., 2009; He et al.,, 2009; Qu, Clarke, et al., 2024). Notably,
this underestimation effect can be triggered even by illusory lines (Adriano et al., 2021) and can be abolished entirely
by introducing small breaks in the connecting lines (Franconeri et al., 2009). A key implication of the connectedness
illusion is that numerosity is extracted directly from segmented, bounded objects, independently of non-numerical
visual features. This is evidenced by the fact that connecting lines—despite leaving total surface area, spatial frequency,
and other low-level visual properties unchanged—significantly alter perceived number (Clarke & Beck, 2021; Clarke et
al., 2025; Franconeri et al., 2009; Qu, Clarke, et al., 2024).

A relatively understudied numerical illusion is the systematic effect of array coherence—or conversely, array en-
tropy—on perceived numerosity. In the first systematic investigation of the coherence illusion, DeWind et al. (2020)
manipulated the orientation variance of arrays containing Gabor patches, creating highly coherent arrays where all
patches pointed in the same direction and high-variance arrays where each patch pointed in a different direction.
Across four experiments, they found that orientation coherence consistently influenced perceived numerosity, with
more coherent arrays being perceived as more numerous than arrays with variable orientations (DeWind et al., 2020).
Subsequent research demonstrated that reducing color coherence or contextual coherence of objects also systematically
reduces perceived numerosity (Qu, Bonner, et al., 2024; Qu et al., 2022). Moreover, the coherence illusion has been
shown to emerge early in human development and to strengthen progressively into adulthood (Qu et al., 2022).
Although all models of the ANS predict Weber’s law and many anticipate other important characteristics of the ANS
such as congruity effects or systematic underestimation, none of the extant models adequately explains the coherence
illusion (Cheyette & Piantadosi, 2020; Cheyette et al., 2024; Dehaene & Changeux, 1993; Park & Huber, 2022; Stoianov &
Zorzi, 2012; Testolin et al., 2020). Here we investigate the cognitive mechanisms that give rise to the coherence illusion
from a view of perceptual decision processes.

One possibility is that the coherence illusion results from a response bias, whereby observers have a predisposition
to select more coherent arrays as being more numerous due to experience-based expectancy based on prior knowledge
of environmental statistics. Indeed, humans implicitly learn and extract many statistical regularities of the environment,
and this knowledge has been shown to bias prediction or expectancy for many perceptual variables (Buckingham &
MacDonald, 2016; Peters et al., 2015; Trewartha & Flanagan, 2017). For example, one study precisely measured the
volume and weight of everyday objects and found that liftable artificial objects exhibit a systematic power function
relationship between density and volume, where smaller objects tend to have greater density (Peters et al., 2015). The
human perceptual system can encode this environmental regularity and leverage it to predict the weight of unfamiliar
objects without physically handling them (Peters et al., 2015).

Similarly, it is possible that perceptual experience in natural environments drives the positive subjective correlation
we observed between perceived number and coherence in human observers. That is, if in nature large sets are typically
perceived as more homogeneous than smaller sets, then this may lead to experience-based expectations. Our visual
attention is limited in capacity. As the number of items in a set increases, the attentional resources available for each
individual item decrease (Anderson et al., 2013; van den Berg et al., 2012). This reduction in item-level processing can
make it more difficult to detect subtle differences among items, thereby increasing the perceived coherence of larger
sets. For instance, a flock of birds flying together often consists of dozens or even hundreds of individuals. Although
individual birds may differ in minor ways, the group is typically perceived as a highly coherent whole. In contrast, a
small group of distinct animal species gathered at a watering hole (e.g., zebras, giraffes, and wildebeests) is more likely
to be perceived as heterogeneous. Repeated exposure to such regularities in everyday environments may lead people to
intuitively associated visual homogeneity with larger quantities and heterogeneity with smaller numbers. As a result,
when equinumerous arrays are presented that vary in coherence, the less coherent (more heterogenous) arrays would
be perceived as less numerous. In other words, one needs more evidence of numerousness for heterogeneous arrays to
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be perceived as numerically equal to coherent arrays, to overcome the prior expectancy. This response bias might be
stronger in adults because statistical regularities of the environment accumulate over development.

An alternative possibility is that the coherence of visual arrays directly affects numerical information processing,
without affecting the initial expectancy of numerosity. Cheyette and Piantadosi (2020) posit that numerosity is encoded
through an efficiency-optimized system under a limited information processing bound. Their model assumes that
signals about numerosity transfer to the brain at a finite rate. An efficient encoding of numerosity overrepresents
small numbers while underrepresenting larger numbers due to the higher frequency with which small numbers are
encountered in natural environments. Under their model any manipulation that reduces the rate at which numerical
information is extracted from the retina leads to less information gathered and consequently induces a greater degree
of underestimation. They showed that experimentally decreasing the contrast of an array leads to an increase in
underestimation and thus less veridical estimates (Cheyette & Piantadosi, 2020). It is thus possible that decreasing
coherence and increasing entropy may increase information processing demands and reduce the rate at which numerical
information is gathered, which consequently leading to greater numerical underestimation. This bias may be amplified
with age as quantitative information is accumulated more efficiently over development, reaching its highest levels at
around age 30 (Halberda & Feigenson, 2008; Halberda et al., 2012; Halberda, Mazzocco, & Feigenson, 2008).

These two accounts are not discriminable based solely on the choice data from numerosity discrimination tasks.
Here we apply drift diffusion modeling (DDM), which combines choice data with response times (RTs) to better
understand how coherence affects numerical judgements. DDM is a computational tool that has been successfully
employed to decompose latent cognitive processes that give rise to observable decision-making behaviors (Ratcliff, 1978;
Ratcliff & McKoon, 2008, 2018; Ratcliff et al., 2016). A wealth of empirical work demonstrates that perceptual decision
making involves the continuous accumulation of sensory evidence until a certain criterion is reached and a choice is
made (Gold & Shadlen, 2007; Polania et al., 2014). Thus, DDM may provide a tool to quantify distinct components of the
numerical decision-making processes and disentangle whether the coherence effect is driven by response bias affected
by experience-based expectancy or instead by changing the rate of numerical information accumulation, which we term
here calculation bias. Response bias reflects how much evidence of numerousness is required to make a certain choice,
whereas calculation bias impacts how numerical information is accumulated and processed over time.

In the drift diffusion model, choice and RTs are assumed to arise from the same latent cognitive process in which
we continuously accumulate evidence from a stimulus to make perceptual judgments (Ratcliff, 1978; Ratcliff & McKoon,
2008). The information is accumulated from a starting point (z). A response is made when the amount of accumulated
information reaches one or the other of two criteria, or boundaries (a or 0), representing two possible choices (e.g.,
deciding whether the left-side or right-side array contains greater number of elements). Due to the inherent noise in
the accumulation process, there is a certain probability at each moment that the process will move toward the correct
boundary, and another probability that it will move toward the incorrect boundary. The drift rate (v) is a measure for
the speed of information accumulation, which is dependent on the quality of information. For example, in trials with
highly discriminable numerical ratios (e.g., 1:2), there should be a high drift rate and the evidence of numerosity should
accumulate efficiently and reliably toward the correct boundary (left or right). In trials with more difficult numerical
ratios (e.g., 18:19), the drift rate would be lower (less steep), indicating that the evidence of numerosity is accumulated
more slowly and nosier.

The traditional method for quantifying the precision of nonverbal numerical judgments is to calculate the Weber
fraction (w), which corresponds roughly to the smallest ratio that can be discriminated reliably (Halberda et al., 2008;
Odic & Starr, 2018; Piazza et al., 2004). There is a tremendous amount of variability between individuals with estimates
of win young adults often ranging from 0.13 — 0.31. A limitation of this approach is that w depends solely on accuracy
and ignores individual differences in speed-accuracy settings. Ratcliff and colleagues used DDM to decompose accuracy
and RT distribution into three main components representing the rate of evidence accumulation (drift rate), the amount
of evidence required for a decision (boundary separation), and the duration of non-decision processes (non-decision
time; Kang & Ratcliff, 2020; Ratcliff et al., 2015; Ratcliff & McKoon, 2018). When applied to a diverse set of numeracy
tasks they found that drift rates were strongly correlated across tasks and boundary settings were reasonably highly
correlated, suggesting that the model is extracting interpretable individual differences in numeracy skills (Ratcliff et al.,
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2015). In fact, another group demonstrated that the drift rate derived from DDM accounted for more variance in math
performance than the Weber fraction (Park & Starns, 2015).

DDM also revealed that a long-standing debate about whether nonverbal quantity is represented on a logarithmic
scale or a linear scale with scalar variance may depend on task-format (Ratcliff & McKoon, 2018). The log model
assumes that numerical values are encoded logarithmically with constant variability (Dehaene, 2001, 2002). In contrast,
the linear with scalar variance model proposes that the relationship between subjective and objective numerosity is
linear but that variance increases proportionally (Brannon et al., 2001; Cantlon et al.,, 2009; Gallistel & Gelman, 1992).
Ratcliff and McKoon (2018) found that the logarithmic model better explained judgments when the task involved a
side-by-side numerical comparison whereas the linear with scalar variance model better predicted judgments when
participants had to compare the numerosity of blue and yellow dots that were presented as a single spatially intermixed
array.

In other work Ratcliff and colleagues used the ANS-diffusion models to study numerical decisions across the lifespan
(Ratcliff et al., 2012; Thompson et al., 2016). The results indicate that multiple aspects of the numerical decision-making
process collectively contribute to the developmental changes in performance. Specifically, children extracted numerical
information from the stimulus at a lower rate than did college students, whereas drift rates for aged adults and college
students were quite similar. Children and aged adults adopt wider decision boundaries than college students, suggesting
that both groups are more cautious about, or less confident in, their ability to make numerical judgements (Ratcliff et al.,
2012). The ANS-diffusion model thus holds potential for uncovering developmental changes in the processes underlying
numerical decisions.

Here we applied the DDM to the data from a previous study on color coherence that included participants aged 5-30
tested in an ordinal numerical comparison task where the color entropy of arrays was systematically manipulated (Qu et
al., 2022). Our goal was to pinpoint which component(s) of the numerical discrimination decision process is influenced
by coherence and how this influence changes over development. Following Ratcliff and McKoon (2018) we combined
the diffusion model with the ANS log model, which accounts for the ratio signature of ANS representations following
Weber’s law. In the ANS-diffusion model, quantity information is accumulated from a starting point (z) toward one
of two boundaries (choosing right; choosing left). In the Ratcliff and colleagues models, however, the boundaries were
set for correct and error responses (e.g., Ratcliff & McKoon, 2018). Since the reaction time distributions at both the
correct and error response boundaries are symmetric, the starting points in these models were typically set at the
midpoint between the boundaries. Their approach did not allow quantifying response bias. In our approach we set
the boundaries as the left and right stimulus. Response bias is calculated as the effect of right-to-left difference in
color coherence—calculated as the right-side color entropy minus the left-side color entropy—on the starting point
(z). The drift rate at which numerical evidence is accumulated is determined by the coefficient and the log ratio of
the two numerosities being compared. Each participant’s data was modeled separately such that the starting point z,
the boundary separation a, and the drift coefficient v; of the log ratio are allowed to be independent for each of the
right-to-left entropy difference levels.

Our first aim was to investigate whether the coherence effect on numerical judgement results from a response bias
or a calculation bias. Specifically, we apply DDM to determine how coherence affects the three decision components
representing the rate of evidence accumulation (calculation bias), the amount of evidence required for a decision
(boundary separation), and the response bias captured by the starting point (z). If the coherence illusion results from a
response bias against selecting heterogeneous arrays as more numerous due to the prior knowledge of environmental
statistics, we should observe a significant impact of color coherence on the starting point (z). Specifically, the starting
point should be closer to the right-side boundary when the right side is more coherent, and closer to the left-side
boundary when the left-side is more coherent. Alternatively, if coherence influences the accumulation of numerical
information, there should be an effect of color coherence on the drift rate, manifested as a steeper drift rate toward
the right-side boundary when the right side is more coherent. A second aim was to replicate the findings of Ratcliff
and colleagues (2012) by characterizing the developmental changes in diffusion model components on a non-symbolic
numerical discrimination task with a modified DDM approach. We hypothesize that young children require more
evidence prior to making a numerical decision, and thus set more conservative decision criteria, and take longer to
extract and process numerical information to produce a decision related to numerical quantity than adults. This should
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manifest as a wider boundary separation and a slower drift rate in young children compared to adults. A third aim
was to explore the developmental trajectory of how coherence affects numerical judgments using DDM. We sought
to determine whether the increase in the magnitude of the coherence effect from age 5 onwards reported by Qu
and colleagues (2022) stems from developmental changes in the coherence effect on the drift rate (calculation bias),
boundary separation, or response bias. Overall, by jointly modeling choice data and RTs using DDM, we aimed to gain
clearer insights into the mechanisms driving the coherence illusion in numerosity perception.

Method
Data

We reanalyzed the data from our previous study (Qu et al., 2022). In each trial two arrays were presented simultaneously
for 750-ms, followed by a response cue. Participants were instructed to press the left or right arrow-key on the keyboard
to indicate which array contained the greater number of circles.

Figure 1 shows example stimuli. Each stimulus array was composed of 8-32 dots on a neutral grey background. Eight
highly distinguishable colors were used: blue [RGB: 0 0 255], green [0 255 0], red [255 0 0], magenta [255 0 184], yellow
[255 209 0], cetacean blue [0 0 87], cyan [0 255 201], and azure [0 148 255]. The color entropy of arrays was manipulated
by varying the number of color categories and the number of dots in each color category.

Figure 1

Example Stimuli

a b

Entropy =0 Entropy =1 Entropy =3

Note. (a) Example display of trial-level comparison of two dot arrays. (b) Example arrays with different values of color entropy from Experiment 2 and
Experiment 3 in Qu et al. (2022).

Entropy was mathematically defined based on information theory to quantify the information content and was calcula-
ted as below (Shannon & Weaver, 1949):

Entropy = _‘21 pilog, pi (1)

In this formula, p; is the proportion of dots belonging to the ith color category in an array, and n is the total number
of color categories. Accordingly, the most coherent arrays would have an entropy of 0, whereas entropy would be
maximized in arrays where each individual dot has a different color. Entropy values ranged from 0 to 3 and were equal
or close to one of seven values (0, 0.5, 1, 1.5, 2.0, 2.5, and 3.0). Accordingly, entropy differences between the left and right
arrays ranged from -3 to 3, resulting in 13 levels. Numerical values were chosen to be approximately evenly spaced on
a log scale (8, 10, 11, 13, 16, 19, 23, 27, 32). The numerical ratio levels between the two arrays were evenly spaced in a
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base-2 log space from 0 to 1, yielding 5 ratio values: 1, 1.19, 1.41, 1.68, and 2. Each participant completed 600 trials in
total, with 120 trials at each numerical ratio and approximately 46 stimuli at each of the 13 difference-in-entropy level.
For our current analyses, we combined data from children aged 5-17 (n = 76) in Experiment 3 together with data from
adults aged 18-30 in Experiment 2 (n = 31) in Qu et al. (2022), resulting in a sample size of 107. We excluded trials with
response times more than three standard deviations above or below the mean.

Non-Time-Based Modeling

To examine the effect of color coherence on participants’ numerosity judgments, we first fit a generalized linear model
(GLM) using a probit link function and a binominal error distribution following Qu et al. (2022). The model included a
constant term and regressors for the logarithm of the numerical ratio and the difference in color entropy between the
two arrays. Grounded in previous work on numerosity perception, this GLM decomposes trial-level choice data into
acuity and bias, the two factors that jointly determine accuracy (DeWind et al., 2015; Qu, Bonner, et al., 2024; Qu et al.,
2022; Tomlinson et al., 2020).

p(choose right) = d)(,b’side + ,Bm,mlogz(rm,m) + B..nColorEntropyDiff ) (2)

In the formula, p(choose right) represents the proportion of trials in which participants selected the right-side, ® denotes
the cumulative normal distribution, The y-intercept S, captures participants’ inherent side bias regardless of the
number of objects or color coherence. The term r,,, represents the numerical ratio of items in the right-side to those
in the left-side. ColorEntropyDiff is the regressor indicating difference in color coherence between the two arrays,
calculated as the entropy of the right-side array minus that of the left. The fitted coefficients for numerical ratio (f,,,,)
and color coherence (f,,,) serves as measures for each participant’s numerosity discrimination acuity and the effect of
color coherence on their numerosity judgments. If participants relied solely on numerical information regardless of the
color coherence, the .., would be zero. Conversely, any consistent effect of color coherence on numerosity perception
would lead to a non-zero Sy,

Drift Diffusion Modeling

A drift diffusion model, adapted from previous studies, was used to account for choices and response times in a
numerical discrimination task and to measure the color entropy effect on each of the decision components (Ratcliff &
McKoon, 2008; Sheng et al., 2020). As illustrated in Figure 2, the model assumes that the numerical decision is a noisy
evidence accumulation process of numerical information that unfolds over time. Numerical evidence is accumulated
from a starting point (z - a) toward one of two response boundaries, with noisy evidence being gathered at each
time step in favor of one choice over the other. The accumulation process is terminated once the two response
boundaries—either choosing right (upper) or choosing left (lower)—is reached. When the momentary numerical quantity
representation is higher for the right array, the accumulation process is more likely to move toward the “choosing
right” boundary, and vice versa. The boundary separation (a) indicates the standard amount of numerical information
that is required to initiate a response. We integrated the diffusion model with the ANS log model which accounts
for the ratio signature of ANS representations following Weber’s law. The log model was chosen because Ratcliff and
McKoon (2008) demonstrated that the log model gave the best fit to the data when the task was to decide which of
two side-by-side arrays had more dots. The velocity of the drift process, or drift rate is determined by the log ratio of
the two numerosities (Np, N;) multiplicated by a coefficient v; that indicates sensitivity to the difference of the two
numerosities, i.e., v ~ vi{log (Np) — log (N)}. Thus, for each participant drift rates should be higher for easier numerical
ratios. Theoretically, individual differences are characterized by the drift rate coefficient; a positive and a higher value
of v; indicates larger sensitivity to numerical ratios, reflecting better ANS acuity (Ratcliff & McKoon, 2018). We fitted
this ANS diffusion models to each participant’s data, allowing drift-rate coefficient (v;), starting point (z), and boundary
separation (a) to vary across the 13 right-to-left entropy difference conditions.
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Figure 2
Ilustration of the Drift Diffusion Model

Boundary to Choose the Right

Boundary Separation (a)
|

‘ Drift rate (v) ~ v,{log(N;) —log(N,)}

- 0

Boundary to Choose the Left

Note. In the ANS-diffusion model, quantity information is accumulated from a starting point (z) toward one of the two boundaries (0 or a). The drift
rate v at which numerical evidence is accumulated is determined by the coefficient vy and the log ratio of the right to left numerosities.

The diffusion models were fit to the choice data and RTs data using the HDDM, an open-source Python-based toolbox
for hierarchical Bayesian estimation of DDMs (Wiecki et al, 2013). Parameter recovery studies show that HDDM
outperforms alternative fitting methods, including the maximum likelihood estimation and the x? -quantile method used
in Ratcliff and colleagues’ previous studies (Wiecki et al., 2013). In each model, we drew 6,000 posterior samples with the
first 2,000 discarded as burn-in. Estimation was performed for each subject individually to avoid endogenous correlation
in hierarchical estimation.

The response bias is defined as the effect of color entropy on starting point z. This was calculated as the slope
(regression coefficient b; ) of the starting point z across 13 right-to-left entropy difference levels by fitting a linear model
to each participant's DDM data (z ~ by + b;*EntropyDiff). A starting point of z = 0.5 indicates no priori bias toward
either response boundary. In cases where the right side has lower color entropy than the left, if the coherence illusion
results from a response bias, the starting point should be closer to the "choose right" boundary, indicated by z > 0.5,
signifying a bias toward choosing the right side. The calculation bias is reflected as the effect of color entropy on drift
rate, which was calculated as the slope (regression coefficient b; ) of the drift rate coefficients across 13 right-to-left
entropy difference levels by fitting a linear model to each participant's DDM data (v; ~ b, + b;*EntropyDiff). If color
entropy affects calculation bias, this implies that the rate of numerical information accumulation and processing is
sensitive to color entropy. Individuals would more rapidly gather the evidence that the right side has a greater number
than the left when the right side is more coherent than the left. We also quantified the effect of coherence on the
boundary separation for each participant using the coefficient b, of a linear regression model with the regressor for the
right-to-left difference in color entropy (a ~ by + b;*EntropyDif}).

Results

Reanalysis of the Coherence Effect Using Non-Time-Based Modeling

We first replicated the coherence effect using non-time-based modeling following Qu et al. (2022). Consistent with Qu
et al. (2022), we found that the mean S, was significantly different from zero (8., M = -0.08, SEM = 0.01, 95% CI
[-0.09, -0.06], t14¢ = -9.57, p < .0001), indicates a significant effect of color coherence on numerosity perception. As shown
in Figure 3a, the psychometric curves of numerical ratio systematically shift to the right when the right side is less
coherent indicating that the right side was chosen less when the array on that side had less coherence (higher entropy).
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To replicate the developmental trajectory of the coherence effect, we analyzed the data from participants aged 5-30 in
Qu et al. (2022) dataset. To improve interpretability, we inverted S, so that larger values (-f,,;) indicated a stronger
coherence effect. Figure 3b shows a positive correlation between the coherence effect and age (r = 0.23, ty3 = 2.31, 95% CI
[0.41, 0.03], p = .023), replicating previous findings that the effect of color coherence on numerosity perception increases
over development (Qu et al., 2022).

Figure 3

Reanalysis of the Coherence Effect Using Non-Time-Based Modeling (Replotted From Qu et al., 2022)

a b

1 .
= R=0.23,p=0.023
0.3 .
%o.s 3 .
i e
% w
)
gos g
= )
(& 5}
- r—
<]
_g 0.4 8
[e} ]
Q =
S : =
o 02 | —Right Side More Coherent
1 Equal Coherence
3 — Left Side More Coherent °
0 : -0.24 T T T T
2:1 1.4:1 1:1 1:1.4 12 5 10 15 20 25
Left:Right Numerical Ratio Age (years)

Note. (a) The proportion of right-side choices as a function of the left-to-right numerical ratio. The psychometric curves represent the GLM fit from Eq.
(1) applied to pooled data. The green line indicates trials where the right side had higher coherence, the purple line represents trials where the left side
was more coherent, and the grey line denotes equal color coherence on both sides. The squares represent the mean proportion of choosing the right
side at each combination of numerical ratio levels and right-to-left entropy difference across participants. (b) The effect of coherence on numerosity
perception was positively correlated with age. The grey dashed line represents a coefficient value of zero.

The Relationship Between ANS Precision Measure and Numerical Decision Components

In the GLM (Equation 2), the fitted coefficients for numerical ratio (f,,,) serves as measures for each participant’s
numerosity discrimination acuity, which is mathematically proportional to the reciprocal of a Weber fraction. Larger
Brum represents a smaller Weber fraction and better numerical discrimination precision.

We first examined the correlations between numerical discrimination precision (quantified by f,,,) and each of
the DDM parameters. As shown in Figure 4, no significant correlation was found between numerical discrimination
precision and the starting point (r = 0.07, tyg = 0.71, 95% CI [-0.13, 0.26], p = 0.48), suggesting no relationship between the
ANS acuity and the bias of choosing one side over the other. There was a strong negative correlation between numerical
discrimination precision and boundary separation (r = -0.44, t,g = -4.78, 95% CI [-0.58, -0.26], p < .0001), indicating that
people with better ANS acuity required less numerical evidence to be accumulated to reach a decision. Moreover, the
drift rate coefficient was positively correlated with numerical discrimination precision (r = 0.92, f,3 = 22.46, 95% CI
[0.88, 0.94], p < .0001), indicating that better ANS acuity is associated with higher efficiency of numerical information
processing.

These correlation patterns suggest that traditional measures on numerical precision considering choice data exclu-
sively may pose a serious problem, because better precision in nonverbal numerical discrimination could be intermin-
gled with multiple decision components. Specifically, people with better numerical discrimination precision may require
less numerical information prior to making a decision, adopt less conservative decision criteria, or be more efficient
to extract and accumulate numerical information. It is unclear which decision component is affected by the coherence
illusion. Therefore, next we fit the DDM to provide further insights into the numerical decision-making dynamics
beyond these conventional measures.
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Figure 4

Scatter Plots of Zero-Order Correlations Between Numerical Discrimination Precision and Each of the Numerical Decision Components
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Note. (a) The boundary separation was negatively correlated with the numerical discrimination precision, indicating that less numerical information is
needed to reach a decision with better numerical discrimination performance. The grey band region denotes 95% confidence intervals. (b) No
correlation was found between numerical discrimination precision and the starting point. (c) The drift rate coefficient was positively correlated with
numerical discrimination precision, indicating information about quantity was accumulated more efficiently with better numerical discrimination
performance.

The Effect of Coherence on Numerical Decision Components

By fitting the diffusion model with choice data and response times using a hierarchical Bayesian approach (see Methods

for more details), we were able to dissociate and quantify the coherence effect on each decision component for each
individual participant. To more intuitively gauge the magnitude of the coherence effect on each of the three decision
components, we inverted the values of all three b;, so that larger values (-b;) indicate a greater magnitude of the
coherence effect. We then ran a one-sample t-test to determine whether the effect of coherence on each decision
component was significantly different from zero across participants. As illustrated in Figure 5, the coherence effect on
boundary separation was not significantly different from zero (M = 0.00, SEM = 0.004, 95% CI [-0.01, 0.01], ty9 = 0.07, p =
.95). Similarly, the coherence effect on the starting point was not significantly different from zero (M = 0.00, SEM = 0.00,
95% CI [-0.00, 0.00], ty = 0.61, p = .54). Thus, varying coherence did not influence boundary separation or response bias
for selecting one side over the other. In contrast, the coherence effect on the drift rate coefficient (calculation bias) was
robustly above zero (M = 0.065, SEM = 0.01, 95% CI [0.05, 0.08], ty = 8.32, p < .001), which indicates that color coherence
distorts perceived numerosity through biased accumulation of evidence of quantity.

The Developmental Changes in Numerical Decision Components

To characterize the developmental trajectory of each of the numerical decision components, the DDM parameter values
were averaged across 13 right-to-left entropy difference conditions for each individual participant’s data. As shown in
Figure 6, there was a strong negative correlation between age and boundary separation (r = -0.62, tyg = -7.77, 95% CI
[-0.73, -0.48], p < .0001), indicating that less evidence is to be accumulated to reach a decision with age. No significant
correlation was found between age and the starting point (r = 0.09, tyg = 0.92, 95% CI [-0.11, 0.28], p = .36), suggesting
no developmental changes in the bias of choosing one side over the other. The drift rate coefficient was positively
correlated with age (r = 0.66, tyg = 8.78, 95% CI [0.54, 0.76], p < .0001), indicating information about quantity is extracted
more efficiently over development. In general, these results parallel findings from previous studies that the precision
of nonverbal numerical discrimination improves into adulthood (Halberda & Feigenson, 2008; Halberda et al., 2012;
Qu et al, 2022). Our results, combined with those from earlier studies by Ratcliff and colleagues, suggest that the
developmental changes in nonverbal numerical discrimination performance cannot be attributed to a single decision
component (Ratcliff et al., 2012; Thompson et al., 2016). Young children required more numerical information prior to
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making a decision, adopted more conservative decision criteria, and were slower to extract and accumulate numerical
information compared to adults.

Figure 5

The Effect of the Coherence on Each Decision Component(s)

0.3 NS NS Bl

0.2;

0.1;

The coherence effect on DDM components

boundary éeparation starting point  drift rate coefficient

Note. The blue dashed line represents coefficient value of zero. The boundary separation and starting point (response bias) were not significantly
affected by color coherence. A significant effect of color coherence on drift rate coefficient (calculation bias) indicates that array coherence distorts
perceived numerosity through biased accumulation of evidence of quantity.

Figure 6

Scatter Plots of Zero-Order Correlations Between Age and Each of the Numerical Decision Components
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Note. (a) The boundary separation was negatively correlated with age, indicating that less numerical information is needed to reach a decision with
age. The grey band region denotes 95% confidence intervals. (b) No correlation was found between age and the starting point. (c) The drift rate
coefficient was positively correlated with age, indicating information about quantity was accumulated more efficiently over development.
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The Developmental Trajectory of the Coherence Effect on Each Numerical Decision
Component

We next examined the developmental changes in the coherence effect on DDM components including the starting point,
the boundary separation, and the drift rate coefficients. The effect of coherence on starting point z is referred to as the
response bias. The coherence effect on the drift rate coefficient is termed calculation bias. As shown in Figure 7, we
found no correlation between age and the effect of coherence on boundaries (r = 0.15, tyg = 1.53, 95% CI [-0.05, 0.34],
p = .13) nor between age and response bias (r = -0.004, t,3 = -0.04, 95% CI [-0.20, 0.19], p = .97). There was however a
positive correlation between age and the calculation bias (r = 0.32, tyg = 3.33, 95% CI [0.13, 0.49], p < .01), indicating that
calculation bias increases with age as numerical information is accumulated more efficiently over development.

Figure 7

Scatter Plots of Zero-Order Correlations Between Age and the Effect of Coherence on Numerical Decision Components
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(a) We found no correlation between age and the effect of coherence on boundaries. The grey band region denotes 95% confidence intervals. (b) No
correlation was found between age and the response bias. (c) The calculation bias was positively correlated with age as numerical information is
accumulated more efficiently over development.

Discussion

Previous work demonstrated that reducing the coherence of low-level visual features, such as color and orientation,
systematically decreases perceived numerosity (DeWind et al., 2020; Qu et al., 2022; see also Qu, Bonner, et al., 2024).
Here, we applied a drift diffusion model to a previously described dataset on the development of color coherence
effect on perceived number to identify which components of the numerical decision processes are influenced by visual
coherence and how this influence changes with development. Specifically, by jointly modeling choice and RT data
using DDM, we quantitatively decomposed numerical discrimination performance into multiple independent DDM
components representing the speed with which numerical information is accumulated (calculation bias), the amount
of evidence required for a decision (boundary separation), and the response bias captured by the starting point (z). A
key finding from our results is that color coherence of arrays affected the drift rate but not response bias or boundary
separation, demonstrating that color coherence distorts numerical calculation through biased accumulation of evidence
on quantity. Moreover, the effect of coherence on the drift rate coefficient (calculation bias) increased with age as
quantitative information is accumulated more efficiently.

Our findings contradict the experience-based expectancy theory, which posits that the illusion is driven by a predis-
position to select more coherent arrays as being more numerous based on prior knowledge of environmental statistics
(Buckingham & MacDonald, 2016; Peters et al., 2015; Trewartha & Flanagan, 2017). The coherence illusion might arise
from the prior perceptual experience that larger numerosity is typically linked to sets perceived as more coherent.
For instance, a densely packed crowd at a concert appears more visually coherent than a dispersed one, giving the
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impression of greater numerosity. Through repeated exposure, individuals may develop an implicit association between
coherence and numerosity, and this knowledge can be applied to guide perceptual decision-making of novel stimuli.
If higher coherence is linked to a higher expectation of numerosity, this would result in a starting point (response
bias) closer to the response boundary of higher coherence. However, our results showed that varying coherence
did not influence the starting point, indicating that there was no systematic response bias caused by hypothetical
experience-based expectations. Future studies could precisely measure the statistical relationship between visual feature
coherence and numerosity in everyday environments to gain deeper insights into observer’s prior expectancy about
numerosity. Even if more perceptually coherent arrays are more numerous in nature, this statistical relationship may be
more subtle than that for regularity of spacing or weight of objects and not lead to the same strong expectations (e.g.,
Birnbaum & Veit, 1973; Dijker, 2014; Ginsburg, 1978).

Our results showed that color coherence significantly affected the drift rate coefficient. Calculation bias was
quantified as the slope of the drift rate across entropy difference levels by fitting a linear model to each participant's
DDM data. A significant calculation bias indicates that array coherence distorts perceived numerosity through biased
accumulation of numerical evidence. Specifically, the evidence of numerosity accumulated more efficiently toward the
right-side boundary when the right side is more coherent. A strength of the DDM approach is that the components
derived from the model are independent of each other, meaning that drift rates offer a direct measure of the numerical
information driving a numerical decision and this measure is not influenced by an individual's speed/accuracy trade-offs
or the starting point of evidence accumulation (Ratcliff & McKoon, 2018).

This finding supports the original observation that the coherence effect increases in magnitude over development
(Qu et al., 2022) and our DDM approach allows the novel conclusion that the influence of coherence over development is
specific to the drift rate. While the coherence effect on the drift rate coefficient (calculation bias) increases over develop-
ment, there was no developmental changes in its effect on the starting point (z) (response bias) or boundary separation.
This suggests that the developmental trajectory of the coherence illusion can be attributed to the developmental changes
in calculation bias as numerical information is accumulated more efficiently throughout development.

Irrespective of the coherence effect, our analyses also support previous findings from Ratcliff and colleagues that
characterized the developmental changes in each component of numerical decision-making with the current DDM
approach and modified boundary settings (Ratcliff et al., 2012; Thompson et al., 2016). Specifically, we found that the
improvement in numerical discrimination acuity with age could be explained by both wider boundary separation and
slower drift rates for children relative to adults. This suggests that younger children may adopt more conservative
decision criteria, requiring more evidence before responding, take longer to accumulate numerical evidence, and are
less efficient at processing numerical-related information. Future research could consider using the drift rate from
the diffusion model to assess individual differences in the precision of ANS representations across development, as it
provides a pure measure of the efficiency of numerical information processing independent of speed-accuracy settings
(e.g., Park & Starns, 2015).

The DDM approach allowed us to narrow down the hypothesis space by identifying the specific decision component
where the coherence illusion emerges. However, one limitation of the present approach is that the DDM does not
characterize how coherence biased the process of numerical information accumulation. While the DDM captures the es-
sential dynamics of numerical decision-making, it simplifies the complexity of the numerical representational processes.
There is ambiguity in interpreting the DDM parameters. For example, a change in drift rate could reflect differences in
the quality of numerical information, efficiency in accumulating numerical information, changes in attention, strategy
use, or other cognitive processes (Brunton et al., 2013; Orquin & Loose, 2013; Shadlen & Kiani, 2013). Future work could
combine detailed mechanistic models, such as those that specify how numerosity representations are formed from visual
input, to further decompose the coherence effect on drift rate.

One possible account for the coherence illusion is the grouping hypothesis, which posits that variance of low-
level visual features like color affects the segmentation of the fundamental units over which number is computed
(Chakravarthi et al., 2023). For example, bounding objects using spatial-grouping cues, such as connectivity, closure,
or common region leads to systematic underestimation (He et al., 2015; Yu et al., 2019). Moreover, when items were
symmetrically arranged along both the vertical and horizontal axes, perceived numerosity was further underestimated
compared to arrangements exhibiting symmetry along only the vertical axis (Moscoso et al., 2022, 2023). This finding
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is consistent with the grouping hypothesis, as symmetry is known to promote perceptual grouping of elements, likely
engaging similar mechanisms to those underlying the connectedness illusion. Beyond spatial-grouping cues, a recent
study showed that grouping objects in arrays by similarity of low-level features such as color and shape also reduced
perceived numerosity, as feature similarity may have organized incoming visual input (Chakravarthi et al., 2023; Poom
et al., 2019).

However, the grouping account does not readily explain our finding that increasing color entropy leads to a para-
metric decrease in perceived numerosity. For example, an array of eight dots rendered in eight highly distinguishable
colors elicited a robust underestimation effect, which cannot be attributed to grouping of any kind. Moreover, when
controlling for the effect of color entropy, Qu et al. (2022) found no significant influence of the number of color groups
on participants' numerosity judgments. This suggests that grouping by color similarity is unlikely to account for the
observed underestimation in high-entropy arrays.

Another plausible account of how visual coherence influences numerosity perception is through its modulation
of normalization processes that extract numerical information independently of non-numerical features. According to
Dehaene and Changeux’s model (1993), objects with varying physical features are initially represented as one-dimen-
sional blobs on an input “retina” A critical normalization process then operates on a two-dimensional location map,
segmenting objects irrespective of non-numerical attributes such as size. More recent evidence indicates that monotonic
responses in primary visual cortex (V1) track aggregate Fourier power in the spatial frequency domain more closely
than numerosity, while numerosity-specific tuning emerges in the lateral occipital cortex (Paul et al., 2022). It has
been suggested that contrast normalization transforms early Fourier-based responses into numerosity-tuned responses
(Dehaene & Changeux, 1993; Paul et al., 2022). Thus, one possibility warranting further investigation is that high entro-
py in local image contrast modulates Fourier-based responses and consequently affecting global normalization processes
in early visual processing, which in turn biases numerical information accumulation and leads to underestimation (Paul
et al,, 2022; Qu, Bonner, et al., 2024). It is possible that Fourier-based visual responses become increasingly sensitive
to image entropy with the maturation of the visual system, which may account for the developmental increase in the
coherence effect observed in adults compared to children.

In summary, we investigated the underlying mechanism driving the coherence illusion using a drift diffusion
model, which captures the dynamic processes involved in acquiring visual information about numerical quantities and
translating that data into decisions. We demonstrated that the effect of visual coherence on numerical decision-making
stems from systematic changes in the speed with which numerical information is accumulated over time (calculation
bias). This calculation bias increased with age as numerical information is accumulated more efficiently. In more
general terms, our results offer a framework for understanding how visual illusions can arise from the perceptual
decision-making process by breaking down the individual components of decision-making throughout development.
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